Introduction
Syntactic foams are heterogeneous composite materials consisting of hollow spherical particles embedded in a matrix material. These materials are used in many applications including aerospace, marine, thermal insulation, and sports equipment [13, 17] . In polymer matrix syntactic foams, one type of filler commonly used is glass microballoons (GMBs), which we focus on in this work. Many of the polymer matrices used, such as epoxies, phenolics, cyanate esters, and polyurethanes, are glassy at room temperature and are employed in systems that require high matrix stiffness and thermal stability.
Elastomeric syntactic foams are rubbery at room temperature and have been developed for use as protective layers around electronic components due to their attractive dielectric properties, low coefficient of thermal expansion, compressibility and significant mechanical energy absorption when compressed to large strains [17, 35] . This provides protection to the component from various insults including stray voltage, mechanical vibration, shock, and thermal mismatch straining. If the potting material is damaged, however, its effectiveness to provide the intended protections will be reduced. Clearly, a constitutive model is needed to properly account for the changing material behavior associated with deformation and damage. While constitutive models for elastomeric foams are available [10, 20, 42] , to our knowledge, this does not yet exist for elastomeric syntactic foams. A logical and useful precursor to constitutive model development is an understanding of how different damage mechanisms contribute to the degradation of the material behavior.
Due to their heterogeneous microstructure, damage mechanisms in polymer syntactic foams are complex and are governed by interaction between the matrix and fillers in addition to the characteristic behaviors of the matrix material. Possible damage mechanisms include GMB fracture and crushing, debonding at the matrix-GMB interface, and cohesive fracture of the matrix. Formation of micro-cracks in the matrix is a known failure mechanism in syntactic foams with high glass transition temperature matrices, such as certain epoxies [16] , but it is unlikely that this mechanism occurs under compressive loading in elastomeric syntactic foams due to the much more compliant behavior of the matrix. Patterson et al. [33] have studied elastomeric syntactic foams under compressive loading with in-situ X-ray synchrotron tomographic imaging and reported that GMB crush is the dominant deformation mechanism. Further study by these authors has also revealed no evidence of matrix micro-cracking until global failure near 70% compressive engineering strain. However, the imaging resolution in this work was not high enough to see individual GMB features, so it remains unknown if debonding between the GMBs and matrix is a prominent damage mechanism.
It is challenging to differentiate what combinations of damage occur under different loading conditions and how the macroscale behavior is affected by each type of damage. Thus, micro-mechanical modeling approaches become attractive as a vehicle to better understand the role of various damage mechanisms and investigate macroscale behaviors. The elastic constants of syntactic foams have been studied extensively through both analytic and numerical modeling approaches. Many analytic models have been developed and used to study the effects of GMB volume fraction, GMB radius ratio and wall thickness, and matrix material properties [4, 5, 15, 19, 24, 28, 31, 34, 39] . Damage is difficult to consider via analytic theories, however, and thus has largely been studied via numerical methods. These numerical efforts allow study of additional effects, such as interaction between GMBs, GMB spacing, analysis of local stress states within the GMBs and the matrix, and damage evolution [5, 7, 16, 32] . Some examples include recent work by Panteghini and Bardella [32] , who explored damage accumulation in syntactic foams with a glassy vinyl ester resin, and Cho et al. [7] , who used finite element models to study the effect of debonded interfaces between GMBs and a glassy matrix on the elastic properties.
Such efforts have provided valuable insight but have focused solely on syntactic foams with a glassy matrix at room temperature. To our knowledge, efforts to predict the response of syntactic foams with an elastomeric matrix, which is much more compliant, have not been pursued. The focus of this work is to determine how different damage mechanisms affect the macroscale composite behavior in elastomeric syntactic foams through both experimental and modeling efforts. We study foams composed of a silicone PDMS matrix filled with borosilicate glass GMBs, where the matrix is approximately two orders of magnitude less stiff than the GMB wall material. This paper is organized as follows. ''Experimental details'' section gives experimental details, ''Analytic composite theory'' section describes the analytic composite theory, and ''Finite element microstructure models'' section describes the finite element analysis used for computational homogenization. ''Results and discussion'' section presents the elastic moduli for both undamaged and damaged materials as well as a discussion of microstructural features such as GMB spacing, thickness, and volume fraction. Key conclusions of the work are presented in ''Conclusions'' section.
Experimental details
Five different sets of elastomeric syntactic foams were tested in compression (Table 1) . The base constituents are Sylgardr 184 (resin and hardener) matrix and 3Mr A16-500 GMBs, which have an average diameter of 60 microns and diameter range between 30 and 115 microns as quoted by the manufacturer [1] .
A number 100 sieve was used to filter out any large particles in the GMBs. Subsequently, the GMBs were dried out in an oven at 107 C for 1 h. The Sylgardr was stored in a fridge and taken out an hour prior to pouring. Each sample was poured into 10-mL syringes using the base ratios presented in Table 1 . After pouring, each of the samples were left to cure vertically in the syringes at 71 C for 16 h. Prior to testing, the Sylgardr samples were removed from syringes and cut to roughly 28 mm long. Razorblades were used to cut each end of the samples straight so that each sample sat orthogonal to the compression platens. Each of the lengths were documented and used to determine strain for each specific sample. The diameter of each sample was also measured using calipers (confirmed with an optical microscope) and determined to be 14.310 mm.
Each sample was tested in uniaxial compression using a servohydraulic load frame at room temperature using displacement control at a strain rate of 0:15 s À1 . The built-in linear variable differential transformer (LVDT) was used to measure strain. This was found sufficiently accurate due to the low loads and the large displacements experienced in these tests. Specimens were mounted between tungsten carbide platens with a preload of 2 N to ensure the sample faces were fully contacting the platens. Each sample was then loaded uniaxially in 5% strain increments and subsequently unloaded to an initial, relaxed state before compressing to the next strain increment. Each sample was ultimately loaded to 60% strain using the load/unload increments.
Analytic composite theory
Many analytic composite theories have been developed for syntactic foams, with efforts largely focused on high glass transition temperature polymer matrix materials with intact GMBs. The simplest approach is the sequential homogenization approach proposed by Nielsen and Landel [28] . More sophisticated threephase methods have been developed by Huang and Gibson [15] and Lee and Westmann [19] . Such approaches have been extended, such as the fourphase model proposed by Bardella and Genna [4] , and reviewed extensively for syntactic foams with glassy matrices at room temperature (Young's modulus typically above 1 GPa) [5] . These models are generally developed by finding the analytic solution for uniform pressure and shear states on the boundaries of a three-phase volume element consisting of the GMB wall, void space inside the GMB, and surrounding matrix material.
We strive here to identify a composite theory approach that can adequately describe the elastic properties of elastomeric syntactic foams with both intact and fully crushed GMBs. No attempt is made to include the effects of debonding. Using an approach similar to that proposed by Nielsen and Landel [28] , we first compute equivalent elastic constants of a solid sphere that has the same structural response as a hollow GMB, and then use Christensen's composite spheres theory [9] to estimate the effective elastic constants of the syntactic foam. Although Bardella et al. claim this sequential approach is one of the least accurate for syntactic foams due to the difficulty obtaining the appropriate apparent shear modulus of the solid-sphere equivalent [5] , we assume this is not a significant issue for elastomeric syntactic foams since the fillers are orders of magnitude stiffer than the rubbery matrix in shear. Full details of our analysis are given in ''Appendix A'', and it is summarized briefly here.
The equivalent solid-sphere bulk modulus (K sseq ) is determined by considering the response of a thin spherical shell subjected to a pressure difference between its inner and outer surfaces as 
D and t are the GMB shell diameter and wall thickness, and E sw and m sw are Young's modulus and Poisson's ratio of the GMB wall material.
We use an estimate of the equivalent solid-sphere shear modulus (l sseq ) from [10] , in which the generalized finite deformation behavior of an incompressible, Neo-Hookean spherical shell is determined as:
The equivalent shear modulus depends on the wall material shear modulus l sw and the volume fraction of void space within the GMB, f 0 . Next, we compute the composite properties from the theories for solid-sphere inhomogeneities summarized by Christensen [9] . The bulk modulus is computed using the composite spheres model, and the shear modulus is computed via a modified approach such that energy associated with deforming a single composite sphere (GMB surrounded by a matrix shell) is matched to the same energy of deforming a surrounding homogenous equivalent medium [9] . The same analysis is repeated for the case when all the GMBs are fully crushed. In this case, the GMB solid-sphere equivalent phase has zero bulk and shear moduli representing the limit of an elastomeric foam. The elastic constants of pure Sylgardr184 and borosilicate glass used as inputs are presented in Table 2 , in addition to the calculated solid-sphere equivalent properties.
Finite element microstructure models
Representative volume elements (RVE) of the syntactic foam microstructure were generated to study the microstructural response and for numerical firstorder homogenization of the elastic constants [25] . A size convergence study (see ''Appendix B'') determined that 60 GMBs was sufficient to represent the composite's effective elastic properties within 5% of the values obtained with larger numbers of GMBs. Results for each microstructure parameter combination (GMB volume fraction, GMB wall thickness, etc.) presented in the following studies are averaged over 5 microstructure realizations to evaluate that the response is independent of the individual realizations. The Sierra/Solid Mechanics software suite was used for all finite element analyses [44] .
A unique microstructure with randomized GMB locations was created for each RVE realization through a two-step process. First, an ensemble of GMBs was generated to meet specified parameters such as GMB wall thickness (t), average GMB outer radius (r 0 ), and distribution of GMB sizes. Each GMB was then placed at a randomized location inside a cube-shaped RVE domain. The dimensions of the RVE cube were determined from the specified GMB volume fraction and total number of GMBs. A minimum spacing d min of 4 lm was enforced between GMBs and also between GMBs and the RVE boundary in order to consistently produce meshes of sufficient quality for analysis. Similar restrictions have been imposed in other finite element models of composites with spherical inclusions in order to reduce distorted elements within the mesh [5, 38] . While specifying a minimum spacing has been shown to affect shear modulus predictions at filler volume fractions above 30% [14] , we found that our predictions of elastic moduli at the volume fractions 30% studied here were completely insensitive to GMB spacing (see ''Appendix C''). Figure 1 shows example geometries for different realizations of a microstructure with 20% GMB volume fraction.
An all-hex mesh of the irregular microstructure is generated using an overlay-grid procedure specialized meshing technique [29, 30] . Eight-node hexahedral solid continuum elements were used for the matrix using the selective deviatoric reduced integration scheme [44] . Four-node, fully integrated shell elements were used for the GMBs with five gauss points through the thickness. An isotropic, finite deformation linear thermoviscoelastic representation for the 10 parts by weight cross-linker Sylgardr 184, which is experimentally characterized in [21] and calibrated in [23] , is used with the simplified potential energy clock (SPEC) constitutive model [3] for the matrix material. However, as our applied strain rates are very low, viscous effects do not play a significant role in this work. Linear elastic behavior is assumed for the borosilicate glass GMBs with the same properties presented in Table 2 .
The constraints imposed between the solid matrix elements and the GMB shell elements were tailored to represent different material states and damage mechanisms. These are shown in Fig. 2 on a crosssectional image of the matrix-GMB interface. To represent the undamaged state with intact GMBs and perfect bonding, each GMB shell element shares all nodes with the adjacent matrix element (Fig. 2a) . This forces the GMB shell elements to move with the matrix. To represent a completely debonded state, the matrix element nodes at the interface are copied and used to generate a set of GMB shell elements that initially match position exactly with the neighbor matrix elements, but are free to move independently from the matrix (Fig. 2b) . Frictionless, no-penetration contact conditions were used to maintain integrity of the interface. As this work is studying the limiting case of debonded fillers rather than evolution from an undamaged state, cohesive zone models as have been used in other studies [12, 22, 41] are not needed here. Lastly, a porous matrix without any shell elements is used to represent the composite with fully crushed GMBs, as it is assumed that a fully crushed GMB would not support any load (Fig. 2c) .
We use kinematically uniform boundary conditions (KUBC) for six boundary value problems to recover the full elastic stiffness tensor. These are designed such that each describes an independent uniform macroscale strain state of uniaxial compressive strain or simple shear [18] . In each case, we apply a displacement corresponding to a uniform strain with magnitude of 1 Â 10 À6 to ensure the small strain assumptions inherent in the homogenization theory are met. The strain rate used in the simulations was 0:15 s À1 to match the experimental strain rate. Rate effects were previously found to be small at these temperatures and strain rates for this material. A change of strain rate by two orders of magnitude changed stress levels by approximately 5%; thus, rate effects are not considered here. As spherical inhomogeneities are used with isotropic material constituents, the macroscale behavior is expected to be statistically isotropic. Thus, we further reduce the full elastic tensor constants to average values for the shear and bulk modulus. Young's modulus and Poisson's ratio are then calculated using the classical relationships for isotropic materials.
Results and discussion
Effect of damage at various GMB volume fractions The same predictions are shown in Fig. 4 for materials with a Weibull distribution of GMB sizes following the cumulative distribution function as a function of outer radius (CDF(r 0 )) given as
In order to maintain the same mean GMB outer radius of r 0 ¼ 30 lm, the parameters k ¼ 7 and k ¼ 32 were used. The analytic composite theory (CT) is also included in Fig. 4 to facilitate comparison with the uniform GMB results (Fig. 3) . We note that a larger range of volume fractions could be explored computationally with the Weibull distribution as the variations in GMB radius facilitated easier placement within the RVE. For both Figs. 3, 4, there is a good agreement between the composite theory predictions for undamaged and fully crushed GMBs and the homogenized computational results. This suggests that the size distribution of GMBs does not play a prominent role in the composite effective elastic constants, as long as the mean GMB size in the distribution is about the same. Additionally, the agreement between composite theory and computational results suggests that at volume fractions \30%, GMB interaction does not play a large role in the macroscale elastic constants as the composite theory does not take GMB spatial arrangement into account. Comparison with experimental results at highervolume fractions will be presented in the next section. The undamaged composite with completely bonded, intact GMBs shows an increase in both bulk and shear moduli with increasing GMB volume fraction. This behavior occurs since the intact GMBs are stiffer than the elastomeric matrix. The increase in stiffness, however, is much more pronounced in the shear modulus than the bulk modulus. At a GMB volume fraction of 30%, the bulk modulus is approximately 1.2 times higher and the shear modulus is approximately 3 times higher than the neat matrix material. This is easily explained by considering the equivalent solid-sphere moduli relative to the properties of the neat matrix (Table 2 ). Since the pure SylgardÒ and equivalent solid-sphere phases have similar bulk moduli, the undamaged bulk modulus only increases slightly with larger volume fractions of GMBs. The shear modulus of the equivalent solid-sphere phase, however, is an order of magnitude higher than that of pure SylgardÒ. Thus, the increase in composite shear modulus with volume fraction of GMBs is much more pronounced. Similar predictions were reported by Bardella et al. [5] , where the effective shear modulus for syntactic foams with very stiff balloons and a comparatively soft matrix (E sw ¼ 100 GPa, E m ¼ 100 MPa) increased substantially with filler volume fraction. By contrast, for stiffer matrices (E m [ 2 GPa) and the same balloon filler, the shear modulus decreased below that of the neat matrix when any volume fraction of filler was added [5] .
From Figs. 3, 4, distinct effects of each type of damage can also be seen. For the composite with fully crushed GMBs, the bulk modulus is greatly reduced compared with the neat matrix and the undamaged composite over all GMB volume fractions. The shear modulus is also reduced with fully crushed GMBs, but to a lesser extent. With 30% GMB volume fraction, the shear modulus is reduced to approximately 1/2 of the neat matrix while the bulk modulus is less than 1% of the neat matrix value. This behavior results as the composite with fully crushed GMBs acts like a porous elastomeric foam, which has been shown to have a precipitous drop in bulk modulus upon the introduction of voids and a much lesser decrease in shear modulus [10] .
The composite with fully debonded GMBs has bulk moduli that are fairly similar to the undamaged composite at lower volume fractions (below 15% GMBs). At higher-volume fractions, the bulk modulus is decreased compared to the undamaged composite but not to the severe extent of the composite with fully crushed GMBs. The shear modulus of the composite with fully debonded GMBs is decreased about half way between the undamaged and fully crushed GMB composites.
We also note that the spread of homogenized moduli between each realization of the microstructure is much more pronounced for the debonded composite than either the undamaged or fully crushed GMB composites, especially at the larger GMB volume fractions investigated. This suggests that GMB-GMB interactions play a larger role in debonded microstructures and the particular arrangement of GMBs has more effect. In the RVE size convergence study (''Appendix B''), we show that the bulk modulus for debonded microstructures converge with increasing RVE size at a slower rate than the undamaged microstructures. For computational efficiency, and so that we could directly compare the undamaged, debonded, and fully crushed microstructures, we used the same RVE size for all three. Even with the larger variation in predicted moduli for the debonded case, the predicted elastic constants are so different between the three states of the microstructure, that our conclusions are unaffected by this extra variation in the debonded behavior.
Micromechanics of undamaged and debonded composites
We now examine how shear stresses and pressures are carried in microstructures with different states of damage. This ultimately provides mechanistic understanding of the material behavior under different boundary conditions.
The von Mises stress and pressure distributions in RVEs with undamaged and fully debonded GMBs are shown for uniaxial strain compression (Fig. 5 ) and pure shear (Fig. 6) . Compressive pressures are shown as positive and tensile pressures are negative. Displacements are amplified by 1 Â 10 5 to make the deformed shapes visible. For both loading conditions, local pressures and von Mises stresses are all less than 1 MPa due to the small strain (1 Â 10 À6 ) that was applied, but still illustrate the mechanisms by which load is supported within the microstructure.
For uniaxial strain compression (Fig. 5) , the response of the undamaged composite (Fig. 5 a,c) and the debonded composite (Fig. 5b, d) is nearly the same. The matrix pressures are approximately uniform around 1 kPa, while all GMBs have pressures ranging between 8 and 10 kPa. The GMBs locally carry more pressure than the matrix, but the matrix still carries a substantial pressure over its larger volume. Thus, the net contributions to the total volume averaged stress from the pressure field are similar for the GMB and matrix phases. In contrast, the shear behavior as captured by the von Mises stress contours is different between the two phases. The GMBs carry significant shear stresses, while the matrix does not regardless of GMB-matrix bonding. This behavior is expected because the shear modulus of the matrix is low (rubbery polymer). Since the uniaxial strain response probes the plane strain modulus, which is closely related to the bulk modulus, Fig. 5 demonstrates why debonding does not impact the compressive bulk modulus.
In the shear boundary value problem (Fig. 6 ), more differences are seen between the undamaged and debonded cases. In the undamaged state (Fig. 6a, c) , both the GMBs and matrix have positive and negative pressures of approximately equivalent magnitude because the perfectly bonded GMB-matrix interface supports both tensile (negative) and compressive (positive) pressures. The GMBs carry the majority of the volume averaged shear stress, as evidenced by the approximately 2 orders of magnitude difference in the GMB versus matrix von Mises stress.
For the debonded state (Fig. 6b, d ), the same trend in von Mises stress is observed, but the stress in the GMBs is reduced by approximately half compared to the undamaged state. Additionally, the pressures in the debonded GMBs are largely positive (compressive) because the debonded GMB-matrix interface cannot support a tensile load. This behavior is consistent with previous works that studied composite filler debonding, in which tension-compression asymmetry of the elastic moduli is reported due to the lack of tensile load transfer to debonded fillers [36, 43, 45] . Cho et al. [7] recently reported that the elastic modulus of syntactic foams with a glassy matrix (E m ¼ 3:2 GPa) could be reduced by as large as 20% in compressive loading and up to 40% in tensile loading when GMBs were debonded. Since macroscale shear places individual GMBs into local states of both tension and compression, this explains why the shear modulus is reduced by the debonding damage mechanism, whereas the compressive bulk modulus is largely unaffected (Figs. 3, 4) .
Furthermore, tension-compression asymmetry across the debonded GMB-matrix interface manifests itself in a loss of major symmetry of the homogenized elasticity tensor. Because we recover the composite's full effective stiffness tensor in our analysis, we are able to observe this behavior. Loss of major symmetry indicates that the macroscale behavior of materials with debonded inhomogeneities exhibit a non-symmetric coupling between shear and pressure behavior. We cannot find reference to this phenomenon for debonded microstructures in the composites literature, but we believe the result is physically representative and has consequences for macroscale constitutive modeling of such materials. Thus, additional studies to better understand and characterize this loss of major symmetry are warranted, especially in composites where filler debonding is the primary damage mechanism.
Comparison with macroscale compression tests
Stress-strain behavior of the composite with 20% GMB volume fraction is shown in Fig. 7a for the entire test duration. Two tests were performed at each GMB volume fraction. Only one full stressstrain curve is shown for clarity in Fig. 7a , as both tests at each volume fraction were nearly identical. The unloading curves traverse a different stressstrain path with a substantially degraded tangent (Young's) modulus, but return completely to the initial state which indicates that the deformation is recoverable. The material then reloads along a path very close to the unload path until the maximum strain of the previous loading step is exceeded. These phenomena are qualitatively similar to the Mullins effect in many elastomers with hard fillers [11, 26] and indicates that damage is accumulating within the material. However, the mechanism of damage is fundamentally different in GMB filled SylgardÒ where particles crush at the scale of microns compared to bound rubber evolution or delamination at the nanoscale in rigid particle reinforced elastomers [37] . Around 50% compressive strain, a rapid stiffening of the tangent modulus is seen. This likely corresponds to most GMBs and void space being fully crushed such that the solid elastomeric silicone response is recovered at the highest strains. A detailed study of the large-strain deformation behavior for composites with the various volume fractions will be presented in a forthcoming publication.
The initial loading and final unloading portions of the stress-strain curves (Fig. 7b) were used to determine the undamaged and damaged Young's modulus values. Young's modulus of the undamaged composite was calculated as the slope of the initial loading between 5 and 10% strain, and Young's modulus of the fully damaged composite was calculated as the slope of the final unloading between 5 and 10% strain. It is assumed that the modulus calculated from the final unload corresponds to a material state where a substantial portion of the GMBs have been crushed during the previous load/unload cycles.
A comparison of the experimentally determined and predicted Young's modulus is shown in Fig. 8 at various GMB volume fractions. Experimental values and associated standard deviations are averages of the two tests conducted at each volume fraction. The experiments show excellent agreement with the composite theory and finite element predictions at GMB volume fractions below 20% for both undamaged and fully damaged composites. At higher GMB volume fractions between 30 and 50%, there is more discrepancy between experimental and predicted values. However, the composite theory still provides reasonable predictions of the trend with respect to volume fraction. For the undamaged composites, this likely stems from the composite theory not accounting for GMB-GMB interactions. At highervolume fractions, GMBs are closer together and interactions will have greater influence on the macroscale properties. For the fully damaged composites, the experimental values are slightly higher than the composite theory predictions, and this trend is more pronounced at higher-volume fractions. This is likely due to the assumption that all the GMBs in this state are fully crushed and act equivalently as voids. It is possible that some GMBs remain partially intact and may still contribute a slight effect to the composite stiffness.
Viscous effects are not significant in Fig. 8 because of the slow strain rates compared with the material's relaxation time scale as discussed in ''Finite element microstructure models'' section. At much faster strain rates (beyond 10 3 s À1 ), the Young's modulus in both the damaged and undamaged states increase following the shear master curve of the matrix [21] . We are examining the role of viscoelasticity in follow on investigations and here focus on the rate-independent behavior.
Effect of partial damage
In addition to the effect of completely damaged states (e.g., all GMBs crushed or all GMBs fully debonded), it is useful to explore how partial damage affects the macroscale elastic properties. To this end, we determine homogenized elastic constants of microstructures with some of the GMBs in the crushed state, while the rest remain undamaged and fully bonded with the matrix. These results are obtained from the finite element simulations, and were conducted on RVEs with a total GMB volume fraction of 20%, wall thickness of 1lm, and mean GMB radius of 30 lm. Each RVE in this state was generated by randomly deleting a specified number of GMBs from the model, such that the composite contains both intact GMBs and spherical voids (Fig. 9) . We define the number fraction of crushed GMBs, f crush as
where n crushed is the number of crushed GMBs and n total is the total number of GMBs in the RVE. Figure 10 shows the homogenized elastic constants of composites as a function of f crush . The bulk modulus is greatly reduced by even a small number fraction of crushed GMBs, such that with f crush ¼ 0:05 it is only 12-16% of its undamaged value. This is largely independent of the specific location of the crushed GMBs within the microstructure, as evidenced by the small standard deviations of the homogenized moduli across the five different microstructure realizations. This indicates that the presence of crushed GMBs at any location in the matrix greatly reduces the bulk modulus of the whole material, and this effect cannot be offset by the stiffening effect of the remaining intact GMBs. By contrast, the shear modulus is reduced with increasing f crush in a nearly linear fashion, with much less severe degradation at small number fractions of crushed GMBs. This behavior is consistent with the trends seen in Figs. 3, 4 for the effects of total damage.
Microstructures with f crush ¼ 0:05 are shown in Figs. 11 and 12 to illustrate the mechanism of material property degradation when only a few GMBs are crushed. For the uniaxial strain compression boundary value problems used to calculate the bulk modulus (Fig. 11) , large matrix deformation is seen at the locations of the crushed GMBs (indicated by arrows) relative to the rest of the matrix. This occurs as the matrix phase locally absorbs nearly all the macroscale volume change by deforming into the voids left by crushed GMBs. Note that the deformation in Fig. 11 is magnified by 5 Â 10 4 to highlight the magnitude of the deformation relative to the shear boundary value problem (Fig. 12) and the undamaged and debonded cases (Figs. 5, 6 ). Local von Mises stresses in the matrix are increased near these crushed GMBs, but the average stress in the GMBs is greatly reduced compared to the undamaged state and debonded cases (see Figs. 5, 6 ). Also, the local stress and pressure in the intact GMBs that are nearest-neighbors to a crushed GMB is an order of magnitude lower than the average stress across all the GMBs (Fig. 11) , and the global matrix pressures are an order of magnitude less than the undamaged composite (see Fig. 5 ). This indicates that local matrix deformation around the crushed GMBs under macroscale uniaxial strain reduces the stress carried by all the GMBs and the matrix, as the majority of the volume strain is concentrated in the void space opened up by the crushed GMBs and produces no stress. This mechanism results in the large reduction in macroscale bulk modulus compared to the undamaged composite. The large local matrix deformation is feasible due to the elastomeric nature of the matrix in which the shear modulus is so low that large local shear deformations can be accommodated with little change in stress. In contrast, we expect that local deformation in a stiffer matrix would be less and thus the effects of a small percentage of broken GMBs would be less dramatic.
For the shear boundary value problem (Fig. 12) , deformations in the matrix around the broken GMBs are much smaller compared to the uniaxial strain case, and local von Mises stresses and pressures remain on the same scale as the undamaged and debonded microstructures (Fig. 6) . Additionally, the shear moduli of the equivalent solid-sphere GMB phase is three orders of magnitude larger than that of the matrix phase. When GMBs are crushed and a new void phase is introduced, the composite shear modulus is only moderately reduced because the matrix phase carries an insignificant amount of the homogenized shear stress even when all the GMBs are intact. Additionally, the simple shear boundary value problem (BVP) involves no macroscale volume change on the RVE, and so the matrix phase deforms in shear around the voids but does not expand into the void space as with the uniaxial strain BVP. Hence, the presence of void space does not reduce the composite shear modulus as it does the bulk.
Effect of GMB radius ratio
This section explores sensitivity of the composite properties to GMB wall thickness. This is of interest for material design in choosing the type of GMBs. Figure 13 shows the homogenized composite elastic constants for variable radius ratios g ¼ r i =r 0 of inner radius r i to outer radius r 0 at a GMB volume fraction of 20%. This was achieved by holding the outer radius value constant at 30lm and varying the GMB wall thickness between 0.1 and 2:0 lm. Since all microstructures were generated with the same minimum allowed GMB-GMB spacing of 4 lm, these microstructures have a nominally constant ratio of inter-GMB spacing with respect to GMB size. The nominal radius ratio for the A16 GMBs used for all previous simulations is 0.9667.
The trends in Fig. 13 clearly show the effect of GMB wall thickness, as higher radius ratios correspond to thinner GMB walls and corresponding reductions in the equivalent solid-sphere properties (see Eqs. 1-2). The bulk modulus is the most impacted, whereas the shear modulus, Young's modulus, and Poisson's ratio remain insensitive except for GMBs with radius ratios approaching 1.0 (this would correspond to an infinitely thin shell). At radius ratios above 0.98, the composite bulk modulus is actually reduced when compared to the neat matrix. Similar trends are seen for both the undamaged and the debonded GMBs, indicating that the GMB radius ratio plays the same role for both states. In the fully crushed state when the GMB cavities act as voids (not shown), neither void radius nor void spacing changed the elastic constants significantly.
Composite moduli dependence on GMB radius ratio was also reported for syntactic foams with much stiffer epoxy and vinyl ester matrix materials, in which only GMBs with g\0:96 had higher Young's modulus values than the neat matrix across a range of GMB volume fractions [34] . The predicted Poisson's ratio for the stiffer foams was lower than the pure matrix with the addition of any type of GMB, but showed much greater variation with GMB volume fraction and radius ratio [34] . The increase or decrease of the composite moduli with respect to the neat matrix value is driven by the relative values of the equivalent solid sphere moduli with respect to the matrix moduli. This highlights some of the major differences between the syntactic foams with stiffer matrices and the elastomeric syntactic foam studied here and explains why the shear modulus, Young's modulus, and Poisson's ratio of the elastomeric syntactic foam are so insensitive to radius ratio. For both elastomeric and glassy matrices, the bulk moduli of the equivalent solid sphere GMB phase and the matrix phase are nearly the same until the GMB radius ratio becomes high. However, the shear modulus of the equivalent solid-sphere GMB phase is three orders of magnitude larger than the elastomeric matrix, but only one order of magnitude larger than a typical glassy matrix (see for example [13, 34] ). Thus, for elastomeric syntactic foams, even very thin GMBs with radius ratios almost equivalent to 1.0 still have an equivalent solid sphere stiffness much greater than the matrix in shear and as such the composite Young's modulus, shear modulus, and Poisson's ratio are virtually insensitive to GMB radius ratio. This is not the case for glassy matrix syntactic foams, where all the elastic moduli are much more sensitive to GMB radius ratio due to the closer proximity of solid-sphere equivalent GMB and matrix properties.
An additional important question is the sensitivity of these results to GMB spatial distribution. To address this, we studied microstructures with variable ratios of the outer GMB radius to the minimum allowed inter-GMB spacing (r 0 =d min ), and found the composite behavior in the different states of damage was unchanged across the volume fractions considered. For brevity, these results are reported in ''Appendix C''. Based on these findings, we conclude that our results are not sensitive to the geometry spacing parameters used for microstructures in this study.
Conclusions
The effective elastic constants of elastomeric syntactic foams were investigated in the undamaged, fully debonded GMB-matrix interface, and fully crushed GMB states. Experimental, numerical, and analytic composite theory approaches were used to study the effects of these damage mechanisms.
Excellent agreement was obtained between the experiments, analytic composite theory and finite element results where comparison between the methods was possible. Agreement between the composite theory and finite element predictions was maintained across a variety of design parameters, including undamaged versus fully crushed GMBs, variable GMB radius ratios, and GMB volume fractions between 5 and 30%. These results were also found to be insensitive to the minimum GMB-GMB separation distance over a significant range of separation distances compared with the GMB outer radius. This verifies both methods as providing reasonable predictions of the composite behavior and indicates that at these lower volume fractions, GMB spacing and interactions do not significantly affect the macroscale elastic constants for materials with undamaged or fully crushed GMBs. Experimental results show that interactions likely have a more pronounced effect at higher-volume fractions. Even so, composite theory predictions of Young's modulus were reasonably close to experimentally measured values at GMB volume fractions up to 46%.
On comparing the effects of GMB crush versus GMB-matrix debonding, the composite bulk modulus is extremely sensitive to the number density of intact GMBs. That is, the bulk modulus is severely degraded toward the elastomeric foam state when even just 5-10% of the GMBs are crushed. By contrast, the shear modulus degradation shows nearly a linear scaling with the fraction of crushed GMBs. On the other hand, GMB-matrix debonding has a comparatively insignificant effect on the bulk modulus degradation, while the shear modulus reduction due to debonding versus crush is quite similar.
The debonding damage mechanism has the additional effect of degrading the load transfer between matrix and GMBs in local tension, which results in tension-compression asymmetry and causes compressive pressures to accumulate in the composite under macroscale shear loadings. This behavior produces a non-symmetric homogenized composite stiffness tensor, which potentially has significant consequences for composite theories and constitutive models that incorporate debonding as a damage mechanism. Further investigations into this loss of major symmetry are warranted.
Elastomeric syntactic foams behave differently than glassy syntactic foams. The ratio of GMB solid sphere equivalent moduli to the matrix moduli largely determines whether the elastic constants increase or decrease relative to the pure matrix with increasing volume fraction of GMBs. For the elastomeric foam investigated here, the GMBs are generally much stiffer than the matrix material in shear, and comparably stiff in bulk compression. Thus, the changes in effective composite properties with the addition of intact GMBs are less sensitive to the GMB radius ratio than for syntactic foams with stiffer, high glass transition temperature polymer matrices (e.g., epoxy, vinyl ester).
These observations may help interpret macroscale damage (modulus degradation) under different macroscale loading conditions. Under confinement, dramatic stiffness reduction is possible due to balloon crush, but under unconfined conditions, such as uniaxial compression testing, both damage mechanisms may be present. These observations are relevant to macroscale constitutive equation development for future work.
Solid sphere equivalent bulk modulus
Consider a thin spherical shell subjected to a pressure difference between its inner and outer surfaces, p ¼ p inner À p outer , where p is negative if the pressure outside the spherical shell is larger than the pressure within. In the thin shell limit (ignoring buckling), the stress state in spherical coordinates is assumed to be uniform and biaxial in the hoop direction and zero in the radial direction since it cannot change significantly between the inner and outer radii. By making a cut and considering the free body diagram, the gauge pressure may be related to the stress state within the shell as:
Here, D, t, and r b refer to the undeformed diameter, thickness, and biaxial stress component associated with the gauge pressure, p. The biaxial stress state in spherical coordinates, in which the origin is at the center of the spherical shell, is:
r ¼ r b e h e h þ e / e / À Á : ð6Þ
Equation 6 furnishes the stress state within the borosilicate glass shell. To find how much the shell expands subject to this gauge pressure, the standard isotropic linear elastic compliance relationships between the small strain tensor () and stress tensor (r) from [40] are used:
À2m sw e r e r þ 1 À m sw ð Þ e h e h þ e / e / À Á À Á :
ð7Þ E sw and m sw are the isotropic Young's modulus and Poisson's ratio of borosilicate glass that makes up the shell. The radial contribution to the shell diameter change is negligible compared with the hoop strain contribution, which is the same about all axes of the sphere by symmetry. We use one of the hoop strain components to compute the change in circumference (C) and therefore diameter (D) of the spherical shell as:
C e is the expanded circumference, and D e is the expanded diameter of the shell due to the gauge pressure. The volume strain ( vol ) of the equivalent solid sphere medium is obtained from the expanded (V e ) and initial (V) volumes as:
With r b \\E sw because p\\E sw , we simplify the volume strain calculation:
By definition of the bulk modulus from [40] , the bulk modulus of the equivalent solid sphere is then:
Solid sphere equivalent shear modulus
We use an estimate of the shear modulus from [10] , in which the generalized finite deformation behavior of an incompressible, Neo-Hookean spherical shell is determined as a function of only two material inputs: the wall material shear modulus, l sw , and the volume fraction of void space, f 0 . This reference compares its predictions with the Mori-Tanaka theory (see [6] ), and the relationships are similar. Therefore, we estimate the equivalent solid sphere shear modulus to be:
This theory assumes that the shell material is incompressible, which is a poor assumption for borosilicate glass (m sw ¼ 0:19). Incompressibility leads to a stiffer structural response of the spherical shell and could somewhat overestimate the stiffness of the equivalent solid sphere. However, as borosilicate glass is much stiffer in shear than the Sylgardr184 elastomer (see Table 2 ), this has negligible effect on the effective composite properties as evidenced by the excellent agreement seen between the composite theory predictions and finite element results. 
